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ABSTRACT
The applicability of the free gas scattering kernel to the
description of neutron thermalization in crystalline moderated
reactors has been considerably improved by the introduction of
velocity dependence into the cross section as a function of the
relative velocity between a neutron and moderator atom (this shall
be referred to as the relative cross section).
In the free gas model of neutron scattering the relative
cross section has been found to have the same effect upon the
calculation of the scattering cross section as does the initial
condition in the solution of the heat flow equation. In equation
form the scattering cross section obeys
-2- 6~j;T) 4 A- r\fJ2 )
with the boundary conditions
v2 s(vT) = 0 at v =0
v2E5 (vT) finite at v =o
v2Zs(v,T) = vr2 '(vr) at T = 0
where -s(v,T) is the scattering cross section
v is the neutron speed
vr is the relative speed between neutron and
moderator atom
T is the moderator temperature
O'(vr) is the relative cross section
The desired solution for the relative cross section is the one
that makes the scattering cross section which is calculated from
the free gas model agree with the measured values for the scattering
cross section. However, the possibility of such a solution is
hampered by the fact that diffusion type equations, such as this
differential equation, do not have solutions which apply to condi-
tions at lower temperatures than that of the known solution. How-
ever, it is possible to treat the solution of this differential
equation as a Freedholm integral equation of the first type.
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with O (-vr) r
In this form vr2 0'(vr) may be determined uniquely but this solution
does not give the dependence upon T so at best this leads to only
a discrete solution for v2 Zs(v,T) at temperatures less than the
temperature of the known cross sect ion.
As an alternative to solving for the relative cross section
by the integral equation method numerical approximations to the
derivatives were empirically proven to be stable and to converge
to the correct solution as the cross section was marched in temp-
erature from the temperature of the known cross section to zero.
The use of the relative cross section does not seriouly detract
fro* the computational ease which is the main advantage of the free
gas model because either calculation of the elements of the scat-
tering kernel or the moments of the kernel requires only a single
numerical integration over vr*
Both the elements of the modified free gas scattering kernel
and its moments have been shown to be in much better agreement
with Parks' kernel for graphite than the free gas scattering kernel.
Similiar improvement was noted in the ability of the modified
free gas kernel to predict the infinite medium flux spectrua in
graphite.
The moments of the modified free gas were used to predict
improved values for the rethermalization cross sections to be used
with the overlapping thermal group method for calculating the
characteristics of reactors with temperature discontinuities. The
power profiles calculated with the overlapping t*rmal group
method gave significantly better agreement with a Los Alamos
critical experiment which was very similiar to the U2 35 fueled,
graphite moderated, beryllium reflected nuclear rocket reactor
under study at the Massachusetts Institute of Technology when the
rethermalization cross sections were based upon the modified free
gas kernel rather than the free gas scattering kernel.
The improvements noted in the calculation of the infinite
medium thermal flux spectra, rethermalization cross sections and
in the reactor power profiles conclusively demonstrates the
superiority of the modified free gas scattering kernel over the
free gas scattering kernel for those applications where an easily
calculatable kernel is required.
Thesis Supetvisorg Professor Kent F. Hansen
Titlet Associate Professor of Nuclear Engineering
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Chapter I
Introduction
Survey type calculations of reactors which are moderated by
materials that are crystalline in nature (such as graphite or beryl-
lium) are severely restricted because of the limited selection of
scattering kernels. The simplest possible scattering kernel is the
free gas scattering kernel but its assumption that the moderator
atoms behave as if they were in a gaseous state with no intermolecular
binding introduces serious doubt into the results of any calculations
dependent upon this kernel, All of the scattering kernels which
account for the molecular binding of crystalline moderators (such as
Parks' kernel) are very complicated and their use entails comsider-
able computatinnal effort, thus urtailing the extent of any surveys.
By improving the ability of the free gas kernel to describe
peutron thermalization in crystalline moderators without seriously
letracting from its computational simplicity this study shall develop
an invaluable tool for the rapid study of reactors with crystalline
moderators.
Within the free gas scattering model, which assmues neutron-
moderator atom scattering events to behave as hard sphere collisions,
are two parameters which can be varied to improve the validity of
this model, Brown and St. John2 have studied the effects of adjusting
both the effective mass of the moderator atom as well as the crgss
section or the size of the hard sphere by modifying the original
free gas kernel as developed by Wigner and Wilkins., Brown and St.
John assumed that the cross section as a function of the relative
10
Velocity between the neutron and moderator atom behaved exponentially,
N - {y 2
o'r(v,) = Z e(I1
To simplify terminology this function, C'(vr), shall be referred
to as the relative cross section throughout the remainder of this
work,
By judicious choice of the constants a and X n the calculated
and measured cross sections can be made to agree. However, even for
the often studied cases of D20 and H20 where the cross sections
appear to behave exponentially, the choice of these constants is not
easy.
The adjustment of the moderator atomic mass is not adequate
to force the calculated cross section to fit the measured cross sec-
tion because the cross section is not strongly dependent upon the
moderator atomic mass. Also, to introduce velocity dependence into
the moderator atomic mass would add considerable complication to this
model and destroy its main advantage.
This study will not approach the problem of adjusting the
relative cross section to make the measured and calculated cross
sections agree from a limited point of view as did Brown and St.
John. Rather, the relative cross section will be considered as an
unknown and its relationship to the measured cross sections will
be determined.
With a numerically determined relative cross section in the form
of a tabular set of values the elements of the scattering kernel at
any moderator temperature as well as the moments of the scattering
kernel can be obtained by a single numerical integration over the
relative velocity, thus retaining the computational simplicity
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inherent in the free gas scattering model.
One problem where the need for this improvement in the free gas
scattering kernel is particularly apparent is the application of the
overlapping thermal group model to the study of reactors which have
temperature discontinuities. In this approach each thermal group is
associated with a spectrum rather than an energy interval with fixed
limits. The total flux is written as:
(E r)= X(r)X(E) + (r > + (c)-> XN(e) (1.2)
where CP (E,r) is the thermal neutron flux at position r and
energy E.
Xn(E) is the spectrum of neutrons which comprises group n.
Vn(r) is the position dependent coefficient which de-
termines the contribution of X n(E) to the total
flux.
It has been shown that it is sufficient to characterize the flux
by only as many groups as there are media of different properties.
In the diffusion theory approximation to the transport equation
the use of the overlapping thermal groups results.in N simultaneous
second order differential equations with the W/n(r) as the unknowns.
For two thermal groups these equations are:
2 2 S ~ in Region 1
0 (I.3)
Wz I in Region 2
SZ I + I+ S, 0 O
Conventional symbolism was employed.
In writing equation (I.3) the rethermalization cross section
was introduced. The rethermalization cross section determines
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the rate at which neutrons are transferred into the spectrum charac-
teristic of that medium from the other sctum. Most of the diffi-
culties involved in the application of the overlapping thermal group
model to the description of the flux in a particular reactor arise
in the calculation of the rethermalization cross section.
There have been several theoretical attempts to predict the
rethermalization cross section3,l7,18,19 and also values inferred
from flux distributions in critical facilities5 but little agreement
between the experimental and theoretical approaches has been
realized.5
All of the theoretical attempts to predict rethermalization
cross sections have in common the assumption that the free gas
scattering model accurately describes the scattering properties of
the moderator being considered. In the case of graphite moderated
assemblies this assumption is very questionable. However, the mathe-
matical simplicity of this model is a significant factor in its re-
peated use. Also by choosing this model one does not become lost in
the mathematics of the model but may instead concentrate upon the
physics of the problem which is far more important.
It is possible, in principle, to perform the necessary inte-
grations rnmerically and include arW scattering kernel, in which
case the accuracy of the calculated transfer probabilities would
depend only upon the amount of computational effort expended. How-
ever, such laborious calculations are inconsistant with the use of
diffusion theory to describe the flux near a boundary. If such
great precision in the calculation of the power peak is required
to justify the use of Parks' kernel for graphite (or arg of the
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other complicated kernels) to describe the scattering properties of
the moderator then a more accurate method of calculating the flex,
such as the SN method, should also be employed.
Thus the retention of the free gas model with its mathematical
simplicity is clearly indicated, however, the inaccuracy of this
model with its overestimation of the energy loss when a neutron
suffers a scattering collision raises serious doubts as to the accur-
acy of the magnitude of the predicted power peaks.
This study of the improvement of the free gas scattering kernel
by including velocity dependence in the relative cross section and
the resulting lmprovement in the calculatiori of rethermalization
cross sections begins with (Chapter II) a review of the methods for
calculating rethermalization cross sections and a description of the
experimental attempts to measure this fictitious cross soction. In
Chapter III the relative cross section is defined and its relation-
ship to the measured values of the scattering cross section is
developed. Chapter III concludes with the numerical solution for the
relative cross sections which make the scattering cross section in
the free gas model agree with the measured values for graphite and
berylltumw Chapter IV continues the development of the modified
free gas scattering kernel by developing and integrating the integrals
which define the elements of the scattering kernel as well as the
moments of the scattering kernel. Both the elements of the modified
free gas scattering kernel and its moments are compared with those
of the free gas kernel and the version of Parks' kernel that is
available on the data tape for the THERMOS code.
The remainder of this study consists of demonstrating the
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utility of the modified free gas scattering kernel by comparing
with the free gas and Parks' kernel calculations of the infinite
medium thermal flux spectrum (Chapter V) and rethermalization cross
sections (Chapter VI).
Chapter VII completes this study by comparing the power pro-
files that are predicted for one concept of a nuclear rocket reactor
using the overlapping thermal group method with rethermalization
cross sections predicted by Pearce and also with rethermalization
cross sections based upon the modified free gas scattering kernel.
Comparisons are also made with a Los Alamos critical experiment
which was very similiar to the rocket reactor under consideration.
In Chapter VIII the conclusions which resulted from this study
are presented along with the recommendations for future work to
broaden the applications of the modified free gas scattering kernel
to additional problems in the study of thermal reactors.
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Chapter II
Review of Rethermalization Cross Sections
A. Theoretical Predictions
Several authors have considered the problem of calculating the
rethermalization cross section and resulting expressions are all
similiar in their asymptotic form for very heavy moderators but they
vary considerably in their results for moderators of small atomic
weight.
In their earliest works KottwitzI 7 and Selengut 1 both concluded
that the expression for the rethermalization cross section should be
cr (II.1)
Kottwitz" reached this expression by solving the differentia equa-
tions that represent the heavy gas approximation in a source free,
absorption free infinite medium and comparing their solution to the
solution of the diffusion equation for overlapping thermal groups.
Selengut18 approached the problem by using the quantum mechan-
ical form of the heavy gas kernel
= (-E+ A~E) -E)- E')+.4T S'-E) (II.2)
to determine the average energy loss of the rethermalizing neutrons.
Dividing the average energy loss by the difference in average energy
between the two spectra to determine the rate at which neutrons are
transferred, results in equation (II.1).
Leslie 1 9 suggested that a better form of equation (II.1) should
be
A' = (f (113)
R (A t-lia Tc
* is the relative cross section when it is taken as constant
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for a source free, absorption free infinite medium with a temperature
discontinuity. However, Leslie points out that the arguments leading
to equation (11.3) are not rigorous. By employing an eigenfunction
ipansion of a general scattering operator Leslie obtains for the
rethermalization cross section
2 A
(' = +1)7. 
*M
where '\ is the first eigenvalue of the scattering operator.
However, the difficulty in determining the eigenvalue of any of the
more accurate scattering operators is monumental so Leslie resorts
to the heavy gas model and obtains the approximate expression for
the first eigenvalue
(II.5)
This eigenvalue is not greatly different from unity for heavy gases
in which case equation (11,4) is identical with equation (11.3)
and very similiar to equation (II.1),
Pearce has reviewed the physical basis for calculation of
rethermalization cross sections and set forth three criteria which
are expected to hold regardless of the assumed scattering model.
These criteria area
1. O'There should be vanishing energy
transfer for a hypothetical free
gas much lighter than a neutron.8 '
2. The rethermalization cross section
ashould have a maximum value in
the neighborhood of A-I since
equal mass particles give optimum
energy transfer. For a theory in
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which the scattering cross section
is not a function of energy, this
maximum should occur exactly at
3. IdFrom a formal point of view the
overlapping group result should
be applicable not only to the
heating of neutrons by the gas,
but also to the heating of the
gas by the neutrons." 3
The third criterion leads to some symmetry in the rethermali-
zation cross section.
Pearce3 points out that Leslie's expression for the rether-.
malization cross section (equation (11.4)) violates the third of
these criteria even though it satisfies the other two.
When the flux spectrum is Maxwellian the rate of change of
average energy per neutron i given by
* E OS (E.) ( e,- e> V" M (Vv) V(116)
ct t C~
where < E0- E >av is the average energy change of a neutron
of energy E0 in a collision in a free gas.
Von Dardel gives for this integral
de 8 AT T,-T) F T-T (
dLt +f( /A (117
By equating this result to the average rate of energy change
Pearce obtains
a . I +- T/(ATC) (11.8)
e Rma o (o +eu/Als
for the rethermalization cross section. Pearcels result is also
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strictly only applicable to a source free, absorptionless infinite
medium because the flux spectrum has been assumed to be Maxwellian
but under these restrictions this expression for the rethermalization
cross section is reported to be exact for a free gas.
An expression for rethermalization cross sections in a medium
which has absorption was presented by Selengut.18
(A cr - CO (11.9)
To
However, this expressionras very eratic behavior which is unex-
plainable,
B. Experimental Measurements
R. A. Bennett has employed the PcTR at Hanford to infer re-
thermalization cross sections from integral flux distribution experi-
ments when temperature differences of up to 500*K were present.
The rethermalization cross sections were determined by requiring
the error between the measured activities of 1/v absorbers and
the calculated activities using the overlapping thermal group model
be a minimum. The resultant rethermalization cross sections thus
contain corrections for the assumed applicability of diffusion theory
near the interface.
At General Atomic, J. R. Beyster, et, al.6 have measured the
thermal neutron spectrum as a function of position in a pulsed source
experisent with a temperature and absorption discontinuity. The
high temperature side of this assembly was poisoned with boron to
approximate the presence of a fuel material. The chopped-beam
time-of- flight technique was used to measure the thermal neutron
spectrum below 5 ev. These measured spectra were compared with the
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results of DSN calculations using 25 thermal groups in the range
from 0.005 to 1.45 ev using Parks' kernel to describe the scattering
of the graphite. The cross sections used were averaged over only
the spectrum characteristic of the high temperature half of the as-
sembly thus ignoring the spectral shift caused by the heating of the
graphite and the absorption of the boron. The error in the spectrum
was generally less than 15% and the authors report that they are
pleased with the agreement achieved using Rvery standard computa-
tional techniques.a
The magnitude of the flux as a function of position was not mea-
sured so no information concerning power peaks can be inferred from
this particular experiment.
The disparities between experimently measured rethermalization
cross sections and power peaks and those predicted from a theore-
tical approach are large. The largest single factor in this dif-
ference is probably the assumption of the applicability of the
free gas scattering model and to a lesser extent the use of diffusion
theory. When these two assumptions were removed, the lengthy cal-
culations resulted in reasonably good agreement in the one experi-
ment that has been reported. Thus an improvement in the scattering
model should remove a large portion of the disagreement between
the existing theories and experiments.
20
Chapter III
Calculation of the Relative Cross Section
A. Introduction
When Brown and St. John considered their improved version of
the free gas scattering kernel for water they began by assuming
the shape of the relative cross section. In the study of the
application of the free gas scattering kernel to crystalline moder-
ators there is no function which appears capable of making the
calculated cross section agree with the measured cross sections.
For this reason the first portion of this chapter shall be devoted
to determining the relationship between the relative cross section
and the measured scattering cross sections,
Once the relationship between the relative cross sections and
the measured cross sections (a differential or an integral equation)
has been determined several methods for solving for the relative
cross section shall be considered. The best of these methods shall
then be used to calculate the relative cross sections which make the
calculated scattering cross sections agree with the measured cross
sections of graphite and beryllium.
B. Development of the Relationship between the Relative Cross
Section and the Measured Cross Section
In the free gas model of neutron scattering the reaction rate
for scattering collisions is given by.
where v is the neutron speed.
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v 2 is the moderator atom speed.
vr is the relative speed between the neutron and
moderator atom.
I is the cosine of the angle between the neutron
velocity and the moderator atom velocity.
M(v29T) is the speed distribution of the moderator atoms.
O (vr) is the relative cross section.
Rs(vT) is the reaction rate for scattering collisions.
n(v) is the speed distribution of the neutrons.
T is the moderator temperature.
The reaction rate may also be expressed asa
R5 (/(V) ) (II.2)
where I s(v,T) is, the scattering cross section.
,Equating equations (III.1) and (III.2) givest
v ((V),T) =. d5. v ( v,)~vT (III. 3)
Equation (III.3) defines the relationship between the relative
cross section and the scattering cross section.
When the expression for the Maxwellian velocity distribution
is introduced equation (III.3) becomes 2
? 3 1 - V2
y4 N (7') = d-- 0 V? CVg, c'(v v e (III.3a)
r17 --i . o:
To facilitate the integration the change of the variable of inte.
gration from /, to vr is desirable but before this can be done the
order of integration must be reversed. Since all of the limits of
integration are constants in equation (III.3a) the order of inte-
gration is inmaterial so equation (III,3a) may be rewritten ast
2 (III3b)
Thefthe of n r f r V
Th. change of the variable of integration from/I to Vr is
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accomplished as-
vr , 2 + v22 + 2VV2
so d/ = (vr / 2 ) dvr
when M=" +1 vr M + (v + 2 )
- /AV = - + (v V2 )
A negative relative speed means that the moderator atom is moving
away from the neutron so no collision can occurr, consequently
the integration must be restricted to those regions where vr is
positive. With these substitutions equation (III.3b) becomes&
V %JV jr (.T c5&j~ v eT 1 2'
2 a?3C VL*\fV VrOrY 2 (IIIeh)
where - m2/2kT
and m2 is the mass of a moderator atom,
In equation (III.h) the upper case symbol f- s(v,T) was used
to denote the microscopic scattering cross section rather than a
lower case symbol as in conventional notation. The upper case
symbol is intended to distinguish the scattering cross section from
the relative cross section which is denoted by the lower case symbol
c (vr). This notation will be employed throughout the remainder
of this study. It should also be noted that each of the variables
in equation (111.h) has been made dimensionless by division of
velocities by 2200 m/sec, temperatures by 2930K and masses by the
neutron mass. The region of the (v2 .9 vr) plane over which the
integration is performed is shown in Figure No. III.1.
Equation (III.h) is the best form for analytic integration to
determine the scattering cross section when the functional behavior
of the relative cross section is known, Equation (III.4) is also
23
INTEGRATION
Vr REGIONfor
COSS SECTION
Figure No. III01
v
V V 2
1 2
the form employed by Wigner and Wilkins and Brown and St. John2
for their integrain to determine the scattering cross section in
their versions of the free gas scattering riiodel. However, for numeri-
cal work it is advantageous to reverse the order of integration
(III.5
Here the integration over the moderator atom speed (v 2 may
be performed analytically reducing equation (III.5) to a single
integral.
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'4 Es~vy=U r i- (III.6)
If v 2 E (v,T) is treated as the unknown and 2 written as
A/T, (where A is the ratio of the moderator atom mass to the neutron
mass) then equation (111.6) becomes identical with the integral which
is the solution to the one dimensional heat flow equation. By
taking the appropriate derivatives of equation (111.6) or equation
(III.5) it can be verified that they are solutions to the differ-
ential equation
JV C Ov T ) A A( Qv2 j (111.7)
In this formulation the relative cross section occupies the
position of the initial condition or the value of the scattering
cross section at zero temperature.
The boundary conditions which make equation (111.6) the solu-
tion of equation (111.7) are.
v2 E (0,T) = 0
V2 $(COO) finite
and
2 2V 2 s (v,0) M Vr2T (r
These boundary conditions may also be obtained from physical
arguments as seen below.
When the neutron speed is zero (i.e., the neutron is sta-
tionary) the moderator atoms can collide with the neutron thus
giving a non zero reaction rate, however this reaction rate must
be finite. Thus, multiplication of a finite reaction rate by a
zero speed must yield a zero result.
When the neutron speed is very large the reaction rate tends
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to be very small because the neutron passes through the moderator
so quickly that there is little opportunity for the moderator atoms
to strike the neutron. In fact equation (111.6) shows that the
reaction rate varies as c/v for large values of v, which approaches
zero as v grows. So the product of v and the reaction rate must
remain finite at very large values of v.
At a temperature of zero the Maxwellian distribution of the
moderator atom speeds reduces to a delta function (i.e., unity
when v2 equals zero and zero elsewhere). Under these conditions
the relative speed and the neutron speed become identical, leading
to the third and most important of the boundary conditions.
The poissibility of obtaining a solution for the relative cross
section is very much in doubt because Morse and Feshback state
"with the diffusion equation prediction only is possible; attempts
at reconstructing the past result only in divergent expressions."8
However if equation (II.6) is rewritten as an integral over
the doubly infinite range 2
Vz ( jc v, y ( (111*9)
with the definition
-0(-vr) 
- r(vr)
then it is seen that the kernel of this integral equati on,
e is also the generating function for the Hermite poly-.
nomials. This fact leads to a solution of the integral equation
because after vr2 a5(vr) is expanded as a sum of Hermite polynomials
vrl oga ( v,) Z G H,(, (III.10)
to
the integral of equation (1II.9) reduces to a power series in v.
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Thus, the coefficients a. in the expansion of vr2u'(vr) are directly
proportional to the coefficients of a Taylor series expansion of
v2 zjj (vT) or to the derivatives of v2 Z s(v,T) evaluated at v = 0.
The treatment of equation (111.6) as a Freedhom integral
equation of the first kind clearly leads to a unique solution which
involves no divergant integrals or other mathematical pitfalls.
This integral equation solution for the relative cross section
does not violate the statement by Morse and Feshback because this
solution only applies at a specific point in the past whereas
Morse and Feshback referred to the impossibility of finding the
functional behavior of the solution for all times (or temperatures)
in the past. The integral equation method of solution could be
employed to determine the solution at any point in time (or
temperature) but the solution must be repeated for each point of
interest so that the functional behavior in time ( or temperature)
could at best only be approximated by & discrete set of values,
The use of the integral equation solution to determine the
relative cross section is not very attractive because of the need
for evaluating the derivtives of the measured cross sections at
zero velocity. The behavior of the cross section has not been
measured much below a neutron speed of 500 m/sec so any attempt
at evaluation of the derivatives at zero would involve considerable
extrapolation of the available data,
Since the integral equation method of solution introduced the
possibility of a discrete solution for the cross section as a
function of temperature it cannot be ignored as a possible method
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for determining the relative cross section. To facilitate the
expansion in finite differences the second derivative with respect
to speed in equation (UI.6) is expanded to give
; L(vT') + ,- +(VJ E, (vT 4 A aZv,T) (111.11)
By approximating the derivatives in this equation by divided dif-
ferences a relationship between the cross sections at three speeds
at one temperature and the cross section at the middle value of these
speeds but at a smaller temperature was obtained. This relationship
was employed to march the known cross section downward in temperature
to obtain the relative cross section.
The fact tl.t the known cross sections are experimentally
obtained values eliminates the possibility of evenly spaced data
points. In Appendix I numerical approximations to the first and
second derivatives are derived which do not require evenly spaced
data, These expressions are equivalent to approximating the second
derivative by the second central difference and the first deriva-
tive by the average of the first forward and backward differences.
If equally spaced speed points are assumed the marching rela-
tionship is.
*~~ (vJ -e j j A
where n T a Tk 
- Tk-l
Since equation (III.12 has variable coefficients any stability
or convergance analysis would be very difficult so an empirical
approach was employed to skady the characteristics of this marching
scheme when non uniform spacing of the data points was used.
To demonstrate the ability of the numerical marching method
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to calculate the relative cross section two test cases were considered.
In the first the input data was obtained by integrating equation
(III1-) analytically with o"(v r) constant. The error resulting from
the march from a temperature of 2930K to 0 K is presented in
Figure Nos. 111.2 to III.5. Since the velocity spacing is not avail-
able as an independent parameter the only variable that is usable
to control the error in the marching procedure is the number of
steps employed in the march to zero temperature. Figures Nos.
111.2 to 111.6 show that there is a diminishing return in reduction
of the error when the number of steps in the march is near ten.
In the second test case the input for the march was the result
of integrating equation (II.1*) analytically with
0 V r 2200 m/sec
(Vr) - 1.0 2200 < vr ( 4400 m/sec
0 vr >, 4400 msec
The result of the attempt to reproduce this square function by
using ten steps in the march from 2930K to zero is shown in
Figure No. III.6.
The good agreement between the calculated relative cross sec-
tion and the square function justifies the use of this method to
determine the relative cross section for graphite and beryllium.
C. Calculation of Relative Cross Section for Graphite and Beryllium
The use of a numerical approximation to calculate the deriva-
tives of the cross section leads to difficulties when experimentally
obtained cross sections are employed, To remove the high
frequency oscillations of the data a least squares process was employed
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to fit a quadratic function to v2 22 s(v,T) over groups of nine con-
secutive speed points. The experimental cross section values and the
results of the smoothing process are presented in Figure Nos. 111.7
and III.8.
The smoothed curves do not represent the results of the least
squares fitting completely. In some cases, such as the large peak
near v = 0.3 in graphite and the peak near v - 0.5 for beryllium,
the experimental values were retained in favor of the smoothed
data which seriously reduced the magnitude of these important
peaks.
The smoothed data was marched dowisward in temperature to zero
using one to ten increments in temperature in the march. The results
when only one step was used in the march are presented in Figure
Nos. 111.9 and III.10. As the number of steps in the march was
increased the oscillatory nature of the data became more dominant,
leading to a solution which tended to oscillate about the solutions
presented. This behavior could have been eliminated by additional
smoothing of the data but then the result of the smoothing process
would have been even less similiar to the observed cross section,
taking the shape of the smoothing function after the smoothing pro-
cess is repeated several times,
At this point the relative cross section should be identified
with the physical properties of the moderator or associated with
some process which has been previously studied. However, this
interpretation of the relative cross section will be delayed until
the conclusion of section B of Chapter IV where this discussion will
be more meaningful.
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Chapter IV
Moments of the Scattering Kernel
A. Introduction
The moments of the scattering kernel are necessary for the
calculation of the infinite medium thermal flux spectrum as well
as the rethermalization cross sections. Two methods exist for
obtaining the necessary moments; in the first the elements of the
scattering kernel are evaluated and then numerical integrations
are performed to determine the moments of the scattering kernel.
In the second method which is significantly shorter and more
accurate the integrals which determine the moments are arranged
so that the calculation of the moments bypasses the calculation
of the elements of the scattering kernel giving the moments directly.
In this chapter both the integrals that determine the elements of
the scattering kernel and the integrals for the moments of the
scattering kernel shall be developed and evaluated numerically
so that comparisons between the modified free gas kernel, the free
gas kernel and Parks' kernel and their moments can demonstrate
the improvement which results from employing the relative cross
section for graphite which was calculated in the previous chapter.
B. Calculation of the Elements of the Scattering Kernel
The scattering kernel is defined in the free gas model by the
integral:
' (v'/ v)= r d, vzMv ,O/v)Av-y ti (IV.1)
0
where vt is the initial neutron velocity
v is the final neutron velocity
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P(V'- v; v2.;,i ) is the probability that the desired
scattering event will occurr as a
function of the initial condition
of the particles.
All the other symbols retain the same meaning as was used in
Chapter III.
The assumption of spherically symetric scattering in the center
of mass coordinate system leads to the expression
0 0 <, v <. vv min
2v
P(v- .v; v2j/'2 -m <, v -m i <V vm
o v v (IV.2)
with v Ve (A/A+l) vrmax
Vmj - V - (A/A+1) vr (V,3)
where va is the velocity of the center of mass
Introducing expression (IV.2) along with the expressions for
the Maxwellian distribution (M(v2 )) into equation (IV.1) gives:
The limits of integration represent the boundaries of the
region which must be included in the integration but over portions
of that region the integrand does not have the form of equation
(IVhh) but instead is zero. The extent of the non-zero region
will be determined at a latter point.
Since cd(vr) is known only as a set of tabular values the change
of variable of integration fromA to vr is very desirable to elim-
inate the need for interpolation during the integration.
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, V..v , 4 C1 Vz y elv(V,' (IV.5)v 1(v~)=Jd6vs t ) v%4 .. v
When expanded in terms of the relative and center of nass
velocities the term vm2 - 2 becomes
2 ~ ( 2 -~V' -(A Ay A (IV06a)v5- VE = (V i V,. -(ve ~ V Vr I.aVyox y AtV C A c.
or
.. L v EL. V - A ,Vr (I.b
MAX - m 4 A+1 A+1 (A+
Thus the integral for the scattering kernel becomes:
00 V
1
+V2.
2
d~ ~ ~ * VL CA (4rv,
This form is very awkward for integration when the relative
cross section is a tabular set of values. The solution is much
simpler if the order of integration is reversed.
v KI {cJr b. ve
Vt L: A AIV68)
The regions of integration for equation (IV.8) are shown in
Figure Nos. IV.l, IV.2, and IV.3. The shaded areas represent the
regions where the integrand is non zero. The hyperbolae which
bound these regions are determined by the conditions of equation
(IV.2), The results of equating v and v or vmin and introducing
the expression for the velocity of the center of mass are the desired
boundaries.
v * Vm
v2 r + v)2 + 1/A (v2 - v' 2 ) (IV.9a)
V M Vmin
v22 = (vr v)2  1/A ( v, (IV9b)
The limits of integration which apply when the order of
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integration is reversed are tabulated in Table No. IV.I. After
the order of integration is reversed the integration over v2 may
be performed analytically. This integral is of the forma
Jdv v e (IV10)
and the integral ist
e E(4 f/+d( (IV.11)
Inserting this result into the integral gives,
42
R&MION III
SCATTERID IRNEL
INMRATION
v, < V <Co
Figure No* IV.3
TABLE NO. IV.1
LIMITS OF INEGRATION FOR SCATTERIlM KRNEL
Region 1
0 4 v ( (A-1)/(A+1) v'
a1 m (v'-v) (A+1)/2A
b, = (vt+v) (A+1)/2A
dj [(vr 2 +(v2_,2)/A]
Region 3
y (A-1)/(A+1)-, v <. v'i
a1 = (vi -v) (A+1)/2A
bl = vr
cl = v' vr
d- [(V V)2 + (v2_V, 2 )/A
Region 5
v'(A-1)/(A+1) I v <V'
a3 - (v * v) (A+1)/2A
b3- 00
c3 r [(v av) 2 + (v2-v' 2 )/A]
d3 [(vr+v)2 + (v-V12)/A]
Region 2
0 S v < (A-1)/(A+1) vs
a2 - (vs+v) (A+1)/2A
b = 0b2
c 2 r,2 + (v2 - v 2 )/A]
d2 [(vr+V)2 + (v2 - 12)/A
vi
a 2
b2
c2
d2
vi
a1
bC
di
Region 4
(A-1)/(A+1) <, v,< v
= Vt
- (v' * v) (A+I)/2A
" vr - v'
=(vr*V)2 + (v2 -v 12)]
Region 6
v 0o
= (v - V')
= (v + vs)
S[(vr-v)
V r + Vs
(A+1 )/2A
(A+1)/2A
+ (v2_v12)/A
Region 7
v'~ v y oo
a2 = (v+v') (A+1)/?A
b2 = C0
I
c2 M Vr V
2 m Vr + V
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L) V((IV.12)
The functions of e and f, are tabulated in Table No. IV.2.
Before proceeding further the possibility of a singularity
in the integration over vr must be considered. A singularity exists
in the integrand whenever
2 / v 2 /A /(A+1) (IV.13)
The insignifigance of this singularity is conclusively demonstrated
by changing the variable of integration in equation (IV.8) from
v2 to v c. This is equivalent to the substitution
u2 = p + (IV.I )
in equation (IV.10). With this substitution equation (IV.10)
becomes CI
J U e (IV. 15)
In this form no difficulties arise when v2  - .p/q (i.e. u - 0)
so the presence of a singularity need not add complications to this
problem.
The numerical integration of equation (IV.12) was performed
by considering the relative cross section as constant over small
intervals of v , analytically integrating equation (IV.12) over
r
each interval and then summkg these integrals until the desired range
of Vr is spaned. This is equivalent to treating the relative cross
section as a series of step functions and it is very similiar to
employing the trapezoidal rule for numerical integration.
The results of this integration using the relative cross
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TABLE N0. IV.2
ARGUMENT OF ERROR FUETION IN SCATTERIMT KERNEL
Region 1 Region 2
0 -v .. v(A-1)/(A*1)
e (A+1)IA v vr
f A/(A+1)Y vr + (A+1)/A v'
Region 3
v (A-1)/(A+1) <- v <. v'
el - JA/(A+1l) vr + (A+1)/A v'
f 1 A/(A+1) yr + P (A+1)/ v
Region 6
0 1 v 4 v'(A-1)/(A+1)
*2 A/(A+1) Vr - (A+1)/A v
f2 A/(A+1) vr + (A+1)/A v
Region 4
v (A-1)/(A+1)' v < V
e2 A/(A+1) vr - (A+1)/A v'
f 2 A/(A+1) vr + (A+1)/7
Region 5
V'(A-1)/(A+1) < V . v
6 A/(A+1) vr - f (A+1)/A v
£3 fA/(A+1) Vr + f(A+1)/A v
Region 7
vI v S 00
1 A/(A+1) vr (A+1)/A v
fi A/(A+1) vr + J(A+1)/A vt
v' v 1. COc
e2 (A+1)/A V'/ - vr
f2 v A/(A1) Vr+ f(A1)/A v'
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section for graphite that was determined in Chapter III are presented
in Figure Nos. IV.4, IV.5, and IV.6. Also presented for comparison
are the free gas kernel and Parks' kernel for graphite that is
available on the Massachusetts Institute of Technology version
of the THERIVS data tape. The diagonal elements of this kernel have
reportedly been adjusted so that the integral of the kernel over
final neutron energies agrees with the measured cross section.1 1
It is well known that the molecular binding causes a reduction
in the rate of thermalization. This is confirmed by the fact that
the curves representing the free gas kernel in Figure Nos. IV.h,
IV.5, and IV.6 are all much higher than the equivalent curves for
Parks' kernel which has been proven to give reasonable agreement
with measured scattering law data as well as measured thermal neu-
tron spectra.10
The fact that the differential scattering cross section curves
for the modified free gas kernel lie between those of the free gas
and Parks' kernels demonstrates some improvement in the prediction
of the scattering properties that results from requiring the
integral of the free gas kernel equal the measured scattering cross
section,
Little can be said concerning the amount of computer time
required to generate these kernels for several reasons. First, the
Parks' kernel was not generated at the Massachusetts Institute of
Technology and the reference for the THERIVS code gives no informa-
tion concerning the effort required to obtain this kernel. The only
information available is the quoted times for sample problems with
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the code $UNM 2 0 (code for generating Parks t kernel) which range
upward from one hour of computer time on an IBM 7090o
The computer time required to generate the free gas model is
very small because no numerical integrations are involved. The
calculation is so simple that programming the computer to calculate
this kernel was considered unnecessary and a simple desk calculator
was employed.
The IBM 7090 computer time required to generate the elements
of half of the modified free gas kernel (for E e E' ) was slightly
less than one minute when thirty energy points were considered.
However the program used to generate this kernel employed straight
forward programming techniques with little regard for the speed of
the calculation. It is expected that a program written with the
goal of conserving computer time could considerably reduce the time
required to calculate the elements of the -modified free gas kernel.
At this point the the question of the meaning of the relative
cross section shall be considered.
If the free atom cross section (oria is the relative cross
section when v r 00) is factored out of the integrand of equation
IV.l and the remaining factor included into the scattering probability
term, P(v-'v; v2;A), then this extrp factor may be thought of
as an energy loss (or gain) term to account for non conservation of
energy. The free gas scattering kernel assumes conservation of energy
and momentum for every collision and the introduction of velocity
dependence into the relative cross section may be interpreted as
removing this assumption.
However, this association of the relative cross section with an
energy loss term does not alter the fact that it is basically a
computational tool that improves the ability of the free gas kernel
to describe neutron thermalization in a crystalline moderator. In
fact the physical interpretation of the relative cross section as
being the cross section which would be measured in an experiment at
a zero temperature is not strictly correct because of the molecular
binding which would be present at this low temperature. This
physical interpretation only applies to a hypothetical material
which is gaseous in nature and has a scattering cross section which
is identical to the crystalline moderator under consideration.
C. Calculation of the Moments of the Scattering Kernel
The scattering kernel is of little interest in this study except
for purposes of comparison with other kernels. The moments of the
scattering kernel however are very important for they have a dom-
inant role in the calculation of the infinite medium thermal flux
as well as being necessary to the calculation of the rethermalization
cross section, The moments defined as:
Mn(E') w (1/n ) dE Zs(Eg+.mE)(.E EI)n (IV.16)
may be obtained by numerical integration of the kernel which was
previously developed, However it is more advantageous to rearrange
the integrals which determine the moments of the scattering kernel
so that the moments may be calculated directly without requiring
evaluation of the scattering kernel itself,
The transformation from a velocity dependent scattering kernel
to an energy dependent scattering kernel ism
+: ( -0- s(ve-v) 1/MV0 (IV.17)
where m is the mass of a neutron
Thus, the integral for the moments becomes-
Mn(E.') = v' ~cv v'2 vro(vV
A dv
+ (A A41r~(g) r-
02 (IV18)
This integral appears to be quite complicated but after conver-
sion into a single integral over vr (with the other integrations
being performed analytically) then the calculation of the f irst three
moments of the scattering kernel would require only 3N numerical
integrations over vr (where N is the nmber of energy points at
which the moments are evaluated) whereas calculation of the scat-
tering kernel requires N2 numerical integrations and then the kernel
itself must be integrated to determine the moments 0  Thus, the
direct calculation of the moments can result in a considerable
reduction in the computational effort required to calculate the
moments of the modified free gas scattering kernel.
The region 6f integration which is included in equation (IV.0J)
is shown in Figure No0 IV7, After reversing the order of intem
gration the integral for the moments takes the formo
It|y m I) '-EEVr 0 ((IV019)
where - ( )
X 0^ C'(v,2 Vr.
The limits of integration are tabulated in Table No. IV.3o
When written in this form the integration over; v may be per-
formed analytically. The integrals over v are of the forms-
.r .9 ( r v ') ( - (IVo20)
TABLE N0. IV.3
INTE.GRATION UNITS FOR THE OMDENTS OF
Region 1
v /A
V (A+1)/2A
v - vr 2A/A+1
V (A-1)/(A+1)
a 12
012
d12
a22
b22
c22
cl-2
v r2A/(A+1) - V'
ra (A-1)/(A+1)
Region 3
a 1
b4
d14
0
v'/A
V r 2A/(A+1)
V9
v /A
v (A-1)/(A+-1)v 3
THE SCATTERIJ3 KERNEL
Region 2
VU(A+1)/2A
0
vr 2A/(A+1) - V
v
0
v'(A-1)/(A+1)
Region 4
va
v t
Vr
v 0
U
(A+1)/A
2A/(A+1) - V
a1
b
d
a2 1
b21
C21
d21
a13
c13
d 13
a2 3
b23
C23
v' (A+1)/2A
vu
Region 5
VI
v aA#l)/A
v'(A-1)/(A*1)
Vr 2A/(A.1) - V'
a 16
b16
C16
d16
a 2 6
b26
d26
26
a15
b15
C15
d 15
a25
b2 5
C25
d25
a 17
b 17
Region 7
v'(A+1)/A 
c 17
0 d 17
Region 6
0
v (A+1)/A
Vr 2A/(A.1) V'
v'(A+1)/A
**
Vr 2A/(A+1) v t
Vr 2A/(A+l) *v'
0
Vr 2A/(A+1) - V
v (A+1)/A
00
I
Vc
Vr
v1
V1 -
A+
and (IV.21)
The result of integrating equation (IV.20) is a complicated
sum of exponentials and error functions. Only the results for these
integrals for the case n w 0 will be presented here, the results
for other n are similiar to the results for n = 0 but contain more
terms. For n = 0 the results are:
(Ojb2-)653 61 2 L
3(a+6c - 1-6c
LII
'0 - 3 ] for (IV.20) (IV.22)
and1 /3 (dj 3  c for (IV.21) (IV.23)
Figure Nos. I,8, IV.9, and IV.10 compare the first three
moments of graphite at 300OK based upon the modified free gas kernel,
the free gas kernel, and Parks? kernel, These comparisons of the
moments of the scattering kernels along with the comparison of the
scattering kernels establish the modified free gas scattering kernel
as a simple but effective method for predicting the scattering
properties of crystalline modrators such as graphite,
Thus, except for those few problems where the extreme accur-
acy of Parksv kernel is required, the modified free gas scattering
kernel is the best scattering kernel to describe neutron thermali-
zation in graphite or any similiar crystalline moderator.
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Chapter V
Infinite Medium Thermal Flux Spectrum
A. Introduction
Inthe multigroup calculation of the characteristics of a reactor
it is customary to assume that the neutron flux spectrum in the
reactor is not sufficiently different from the infinite medium
spectrum to cause significant error in the averaged cross sections.
The validity of this assumption is not in question here but rather
it emphasizes the need for accurate prediction of the infinite medium
flux spectrum.
Of the marr methods available for calculating the infinite
medium thermal flux spectrum the moments method appears to be the
best method for use in this study. More accurate methods are avail.
able but their use is inconsistent with the use of a scattering kernel
which is based upon the free gas model.
In this chapter the equation which determines the infinite
medium thermal flux spectrum is developed using the moments approxi-
mation to the neutron balance equation. The resulting differential
equation is solved numerically to give the thermal flux spectrum
in graphite and poisoned graphite0 Spectra in these two media are
calculated using the moments of the modified free gas kernel, the free
gas kernel and Parks' kernel so that comparisons to determine the
improvement resulting from the use of the modified free gas scat-
tering kernel can be made.
B. The Moments Method for Calculating the Infinite Medium Thermal
Flux Spectrum
60
The integral equation which determines the infinite medium ther-
mal flux spectrum is:
+ .1 Zs -v E-M'E)P F') (V.1)
In writing this equation it was assumed that a sufficient number
of neutrons are born at an infinite energy to replace those which
are absorbed.
Equation (V.1) may be solved by an iterative procedure if de-
sired but this can lead to quite lengthy calculations. A much simp.
ler solution is attained if the principal of detailed balance is used
to rearrange the term Involving the scattering lrnel,
ZE I - E) M ( ) Z ...- e) AC E!) (V.2)
where M(E) is the Maxwellian flux distribution.
This converts equation (V.1) to the form:
:o
where ~f (E) is the ratio of the flux spectrum to a Maxwellian
distribution.
The ratio V(Le) under the integral is now expanded in a Taylor
Series about t.
E(_ I) ~( E-) + 4-- E) i-LE~a ±- - v
cJE Z
so equation (V.3) becomes
+d . (>(' g(E5 -(!.e')(Yo5)
The integrals involved in this equation are just the moments
of the scattering lernel as defined in Chapter IV and after noting
that the zeroth moment of the scattering kernel must equal the
scattering cross section equation (V0 5) becomes:
(e:) E) -- M,(E + E + (V*6)
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When equation (V.6) is truncated after two derivatives and the
approximations for the moments (retaining only terms including powers
of 1/A of one or less) equation (V.6) becomes the heavy free gas
differential equation that was first considered by Wigner and
Wilkins.1
The two boundary conditions which uniquely specify the solution
of equation (v.6) when only two derivatives are retained are
1 (0) 1.0
y (0o) = finite (V.7)
If more derivatives are retained more boundary conditions
must be supplied. The additional conditions are the vanishing of
the derivatives of f(E) when B is zero. Ary other boundary
conditions would not allow equation (V.6) to reproduce a Maxwellian
distribution (j'(E) = 1.0) when there is no absorption of neutrons.
C. Comparison of Calculated Spectra
Thermal flux spectra in borated graphite have been measured by
12
J. R. Beyster, et. al., and comparisons between the measured
spectra and those calculated using Parks' kernel to describe the
scattering properties of the graphite have been reported to give
excellent agreement. The correction for leakage in these experiments
which was reportedto be as large as 30 to 50% was very complicated
so reproduction of the conditions of these experiments was not
attempted in this study. Rather the thermal flux spectrum was cal-
culated by the moments method (retaining only two derivatives in all
cases) usifti the Parks' kernel that was available on the THERIMS
data tape. The spectra calculated with this kernel were assumed to
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be eqaivalent to experimentally determined spectra If such measure-
ments were made.
Figure Nos. V.1 and V.2 show the results of spectrum calculations
for infinite media of graphite and graphite poisoned with boron to
give an absorption cross section of 0.4 barns per carbon atom at
2200 m/sec. These figures clearly show that the applicability of
the free gas scattering model is directly dependent upon the amount
of absorption that is present. Thus, it could be expected that the
free gas model would accurately predict the thermal flux spectra in
a beryllium region because the absorption is very small. Such a
region is the reflector of the nuclear rocket reactor which will be
considered in Chapter VII. However in the core of this reactor
the absorption is large because of the presence of uranium, so more
sophisticated kernels than the free gas model should be necessary.
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Chapter VI
Rethermalization Cross Sections
A. Introduction
The application of the overlapping thermal group model to the
description of a reactor depends entirely upon ones ability to
calculate the rethermalization cross section, These fictitious
cross sections determine the rate of transfer of neutrons from the
rethermalizing spectrum into the spectrum which is characteristic
of the medium,
Several attempts to calculate the rethermalization cross sections
have been reported in the literature3,5,17,18,19 and also valueo
have been inferred from experimental measurements,5 Little agree.
ment has been realized between these values since all of the theor.
etical predictions assumed that the free gas scattering kernel was
adequate to describe the scattering properties of graphite.
Of all of the theoretical predictions of rethermalization cross
sections only Pearce's formulation is exact for a free gas so in
this chapter Pearcegs method shall be employed with the modified
free gas scattering kernel to improve the predictions of the
rethermalization cross section. These rethermalization cross sec-
tions shall then be compared with all of the existing calculated
and experimentally determined values.
B. Rethermalization Cross Sections
The formulation for the rethermalization cross section that
was presented by Pearce was presented in Chapter II. Since this
formulation is exact for a free gas it was used in conjunction
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with the modified free gas kernel to predict improved rethermali-
zation cross sections,
The expression for the rethermalisation cross section ist
-, E' rQmy)7 <(" / 1)
o- -: _- '4 _ d - (VIe l)
where <B - E,9M> d-- j e { 3(aLd') (VI.2)
e avg s
... a (similiarly for Em) (VI*3)
n denotes spectra of the rethermalizing neutrons
m denotes kernel or spectra of neutrons in equilibrium
with the medium.
From the definition of C E9. Em > it is apparent that the
avg
product (E' - Em)avg Zs(EOm) is the first moment of the
scattering kernel that was considered in Chapter IV.
In Pearceas paper the spectrum of rethermalizing neutrons
was assumed to be Maxwellian, giving an integrable expression but
neglecting ar absorption, leakage or neutron sources. For this
study this simplifying assumption will not be necessary because
there is almost no additional computational effort required to
calculate the flux weighted averages of the energy and first moment
of the scattering kernel when the other averaged cross sections
are being prepared.
However,, in a good moderator such as graphite where the absorp-
tion is very small the thermal neutron spectrum is not signiflantly
different from a Maxwellian spectrum, Thus, for comparison with
measured rethermalization cross section in graphite, Pearcegs
assumption of a Maxwellian spectrum should not be a significant
source of error,
Figure Nos. V1.1 and VI.2 present rethermalization cross
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sections based upon several scattering kernels as well as those
measured at the PC'TRo
It should be noted that in Figure Noso V1.1 and VI.2 the
neutron temperature that is referred to is in reality the tempera-
ture of a graphite region where neutrons would have the same spectrum
as the neutrons that are rethermalizing in the medium under investi-
gation. When all of the neutron spectra are assumed to be Max-
wellian the graphite temperature and the temperature which charac-
terizes the neutron spectrum are identical so this distinction
does not exist0  However, in the calculation of the rethermalization
cross sections using the modified free gas scattering kernel as
well as all of the more complicated kernels absorption was included
when the spectra were calculated so that this distinction, although
small, does exist.
The rethermalization cross sections based upon the modified
free gas kernel show better agreement with the experimental values
than those calculated from Pearce's formulation using the free gas
kernel. However, Parks' kernel still gives the best results as is
expected from the differences between the moments and differential
scattering cross sections as was shown in Chapter IV.
The rethermalization cross sections based upon Parks' kernel
were calculated using the first moment of the Parks' kernel from
the THERMS data tape averaged over infinite medium spectra that
were calculated using the free gas kernel. This inconsistancy
was necessary because only the kernel for graphite at 3000K was
available,
68
.01
0
0
.. 
.W ..
- - -
symbols
0
0
-- a-
o-
-- Heavy Gas (Z a 2Z s/A)
Pearce's Resufts
Modified Free Gas Kernel
--- Parks Kernel
---- Schoffield Kernel
0 Experimental Values
500.
NEUTRON EMPSRATURE - K
RETHEJRMALIZATION
CROS SECTIOS
IN GRAPHITE AT 3000 K
Figure No. VI.1
0.2
-- --
i-~ I~~T
0.0
0.00 10000
0Symbols
-- Heavy Gas ( Z 2 Es/A)
Pearce's Results
---- Modified Free Gas Kernel
o Experimental Values
0
500.
GRAHITE TEMPERATURE - 0K
0.2'
RETHERMALIZATION
CROSS Sl|TIONS
OF nEUiR1S AT 300 OK
Figure No. VI.2
0
-I
0
H
- -
0.1-
0.0 -
0.0 1000.
I -I I I I I
Chapter VII
Power Prof les in a Concept for a Nuclear Rocket Reactor
A. Introduction
An excellent example of the need for the modified free gas
scattering kernel and the retheraalization cross sections which can
be calculated from it is the problem of calculating the power pro-
file in the nuclear rocket reactor concept which was studied by
15
R. Plebuck at the Massachusetts Institute of Technology.
In his study R. Plebuck has demonstrated that the power density
at the interface between the hot core and the cold reflector of this
reactor is frequently larger than the power density at the center
of the reactor. However, this predicted power peaking, which is
caused by the fissioning of the very slow neutrons which diffuse
into the core after being thermalized in the reflector, is
probably overestimated because the free gas scattering kernel
overpredicts the amount of neutron thermalization.
In this chapter the calculated power profiles using the over.
lapping thermal group method with rethermalization cross sections
based upon the free gas and modified free gas scattering kernels
are compared. This comparison is made for a critical experiment
which was conducted at Los Alamos as well as for four possible
reflector temperatures in the idealized nuclear rocket reactor.
These clearly show the improvement that is attained by using the
modified free gas scattering kernel rather than the free gas
scattering kernel.
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B. Power Profiles in the Nuclear Rocket Reactor Concept
The nuclear rocket reactor mentioned earlier15 consists
of a graphite moderated, fully enriched uranium carbide fueled,
beryllium reflected reactor that heats the hydrogen propellant
which is then expanded through a nozzle to provide the
necessary propulsion.15
In order to facilitate the study of the effect of the
choice of the scattering model upon the power distribution
at the core-reflector interface the presence of the hydro-
gen was ignored.
The specific reactor configuration which was considered
in this study is presented in Table No. VII.2.
Before considering the calculated power profiles for
this reactor a critical assembly which was studied at Los
Alamos will be considered. This critical experiment very
nearly duplicated the reactor configuration chosen for study
here. The critical experiment configuration is presented in
Table No0 VII.l.
Uranium foils were exposed in this critical experiment
and the measured activations were proportional to the
fission density or the power density. Figure No. VII.1
shows the measured radial fission density as well as the
fission density calculated using two overlapping thermal
groups and one fast group with the rethermalization cross
sections based upon the free gas and modified free gas
kernels.
The power peaking at the core-reflector interface which
was predicted using rethermalization cross sections based
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TABLE 1O. VII.1
aARACTERISTICS OF THE LS ALA)S CRITICAL EXPERIMENT 7
FUELED REGION
Radius 48.83 cm.
Length 76.2 cm.
Critical mas's 174 kg U
Materials
Uranium (93.2% enriched)
Graphite
Aluminum
Density
1.455
0.165
gm/cc (c/u - 952)
gm/cc
REFLECTO REGION
Thickness 12.0 cm (radial) 9.76 (axial)
Materials
Beryllium
Aluminum
Density
l664 gm/cc
o165 gm/cc
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TABLE NO. VII. 2
CHARACTERISTICS CF NCLEAR ROCKET REACTrC
Core
Radius
Length
45.0 cm
150.0 cm (no axial reflector)
Materials
Uranium (235 only)
Graphite (c/u - 1000)
Reflector
Extrapolated Thickness
Material
15.0 cm
Beryllium
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upon Pearce's formulation for the free gas model is consi-
derably in excess of the measured value because the free
gas model overpredicts the amount of thermalization, hence
it overestimates the number of neutrons which reach the
very low energies where the uranium fission cross section
is high.
Also Pearce's expression for the rethermalization
cross section is only applicable when the absorption is small
because of the assumed Maxwellian flux distribution. The
presence of the uranium in the core violates this condition
which means the first moment of the scattering kernel was
averaged over a spectrum that was very much softer than
the actual spectrum. However, this primarily affects the
transfer between thermal groups in the reflector so it only
contributes indirectly to the error in the calculated core
power distribution.
The power distribution predicted when the rethermali-
zation cross section is calculated from the modified free
gas kernel is much closer to the measured values because
this kernel is more accurate in its prediction of the energy
loss when a neutron undergoes a scattering collision.
All of the thermal cross sections with the exception of
the rethermalization cross sections were averaged over the
infinite medium spectrum which was calculated using the free
gas scattering model so the only parameter which was con-
sidered as dependent upon the scattering kernel was the
rethermalization cross section. The fast group cross sections
were calculated with the computer code GAM - I using the B
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Figure No. VII.2 presents the power profiles in the
nuclear rocket reactor for several reflector temperatures.
This figure exhibits the same behavior as was observed in the
consideration of the critical experiment in that the free
gas scattering model predicts a power peak that is larger
than that predicted by the modified free gas scattering
kernel which is expected to be much closer to the real
conditions if such a reactor were ever constructed and
operated.
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Chapter VIII
Conclusions and Recommendations
A. Conclusions
The applicability of the free gas model for neutron scattering
in crystalline moderators can be considerably improved by removing
the restriction that the cross section as a function of the relative
velocity be constant. The relative cross section is related to the
measured cross section by the differential equation
[ 7Z-r j =A A s T (VIII.1)
with the relative cross section being the initial condition or
the value of the cross section when the temperature is zero. The
relative cross section, which is determined by numerically marching
equation (VIII.1) downward in temperature from the measured cross
section, when employed in the free gas scattering kernel yields a
kernel that is a closer approximation to Parks' kernel for graph-
ite without excessively increasing the computational complexity.
The moments of the modified free gas scattering kernel yield
solutions for the infinite meditu flux as well as rethermalization
cross sections whichgive significantly better agreement with
measured values then is attainable with the free gas model, The
power profiles predicted using the overlapping thermal group
model with rethermalization cross sections based upoft the modified
free gas scattering kernel are also in much better agreement with
measured values.
Thus, the free gas scattering kernel with a velocity dependent
relative cross section is the best scattering kernel for
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applications where the complexity of more complex kernels such as
ParksO kernel is not warranted and where the inaccuracies of the
free gas model are unacceptable.
B. Recommendations for Further Study
Additional refinement of the modified free gas scattering
kernel is possible by the use of an effective mass in place of the
moderator atomic weight. This possibility was not considered in
this study but it warrants further investigation if this model is
required to give greater accuracy than was attained in this study.
Also improvement of the computer codes used to calculate the
elements of the kernel and the moments of the kernel would serve
to increase the utility of the modified free gas kernel by reducing
the computer time required for the calculations. The computer
codes used in this study were written with the single purpose of
demonstrating the utility of the modified free gas kernel and
there are many areas within the codes where changes could result
in significantly shorter running times.
The application of the modified free gas scattering kernel
to problems other than the calculation of rethermalization cross
sections should also be considered. The choice of the calculation
of the rethermalization cross section for this study was not meant
to preclude the possibility of other applications where this
scattering kernel could give good results without requiring
excessive computational effort.
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Appendix A
Derivation of the Numerical Approximations to the Derivatives
The convenience of evenly spaced data points is not available
in the study of graphite or beryllium cross sections so it was
necessary to devise numerical approximations to the first and sec-
ond derivatives of the cross sections which do not require evenly
spaced points.
The simplest, approximation consistant with the requirement
of being twice differentiable was to assume that the cross sections
could be represented by a quadratic fuction connecting their con-
secutive points.
7_(v,T) - a(T)v 2+ b(T)v + c(T) (A.l)
By requiring that equation (A.l) be satisfied exactly at the three
points of interest three equations are produced which may be solved
for the coefficients a, b and c.
, M av 1 by + 
c
2 av22 + bv 2 + c2
3 w av2 + bv3 + c 
(A.2)
giving
-z + ___(
b-.. 2+v 3  V+v 3 +V, +v
(vv-v-(vi-Vv)2 333
Viv v1 V3 v+
'(V,-V,)(v-v3') 2 (V -Vv3 (v - (/ V
Introducing these expressions into the first and second
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derivatives of (A.1) gives the desired approximations to the der-
ivatives.
2av + b
2a (A.h)
thus,
v\-v v 2 Vz -Vs -V V2
(-V2 (vt -V 2 (v4- Vi(v -V'S 3 (v,-VS)(VL- 3 )
When the data points are evenly spaced these approximations
take the formt
- 7.- 7. Ze E-(A.6)
Introducing the expressions (A,5) into the heat flow type
equation for the cross section
+ 7% (A,7)+ A-- (v T + Cv T )=4A T A7
the marching relationship is obtained.
Z (V T1 , = E,
This rnmerical marching me od may also be employed to march
from small temperatures to larger temperatures merely by reversing
the sign of the increment of the temperature.
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Appendix B
The Use of GAN-I in Non Mulitplying Media
The computer code GAM-I is a useful, tool for calculating fast
group fluxed and averaged cross section, However the code is limited
to considering only those media which can be characterized by a
wave equation of the form:
This restriction eliminates from consideration any media which is
uncapable of achieving criticality in an infinite medium (1. e.,
those media for which B2 0). The reflector of the nuclear rocket
reactor falls into this catagory which means that one must either
go elsewhere for the fast group reflector cross sections or make
some adjustment in the code to remove this limitation. To achieve
the latter goal the derivation of the B. approximation is presented
here along with the necessary modifications to allow consider'ation
of non-multiplying media.
Before proceeding it should be noted that GAM-I offers the
user the choice of either the P or the B1 approximation to the
transport equation Several referencesl3,14 indicate that the B1
approximation is superior to the Pl approximation in convergence
to the true solution to the transport equation so the B1 approxi-
mation will be used for all fast group cross sections and it will
be the only one to be considered here.
The one dimensional Boltzmann transport eqqation with iso-
tropic sources may be written as.
+ 502e) (B.l)Lq Tr
where is the neutron flux per unit energy in the dir-
ection cos-1/4 at the point z.
The Four ier transform of the flux is:
p(Co~, )? J C(Z Eg c cz (B.2)
It is at this point where the restriction is introduced.
The transform variable 4) is identified with the value of the buck-
ling or the eigenvalue of the wave equation
17 +- 4.f 'B1 =- 0 (B.3)
In a non-multiplying system the wave equation takes the formr
so we must set c when a non-multiplying medium is being con-
sidered. By multiplying equation (B.1) by e-X z and integrating
over z from -wo to 00 we obtain
2T ~'? ~ M ~ h241
+ -' SCW, a (B.5)
where 7 -__
:T L AJ2
and e AZ
Equation (B.5) is identical with the equation that is published
in GA-185o0
By expanding the transform of the flux in Legendre polynomials
and invoking the orthonagality relationships we obtain:
+ f - S(6a Ad (B.6)
where A14 J.'"(A
This equation is also identical with the published equation
in GA-1850; however, the presence of a real or imaginary eu
causes a change in the coefficients A as shown in Table No. BAl.
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Table No. B.1
Expansion Coefficients in BN Approximation
1gultiplying Media ( ? = iB/2 ) Nonmultiplying Media ( - /)
AO, 0 = (ta 1x)/x AO 0 (tah 1)/x
A0 , 1 = A1,0 = (1 - AO, 0 )i/x AO, 1 m A1 , 0 - -(AO, 0 -1)/x
A1 ,1 = (1 - A0,0)/ 2  A1 , 1 = (AO,0 -1)/x 2
where x =T/i =B/ZT where x = - Y7= /ZT
Introducing these expressions for the coefficients (with ima-
ginary a,) and retaining only ( and terms we have for the B
equations:
zr ry ( E) -- 4 'i A o - ) S0E' E ! ( 6dE
+ $.(4-')f5, E ' e d
Following the diffusion theory interpretation of the Pi
approximation to transport theory we define
=41Y40at9
J41hr /3 <? (Y-5s)
which gives:
+ (A - 1) j (EO')Jay]E-n t gi ves
±1L(Aoo-1) ') (B9
combining these gives:
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tX J - f E X) d7E d E (B.10)
A e
but x2T
or
"fl (B.11)
let ( X Aoo
A o -
+ j +C S (B.12)
-4+ 3o*,a:jY(1)JE'> S!e
By multiplying these equatiorsby dE and integrating over E
from E, to Eg+ Ei and assuming that the group width & E is
sufficiently small to allow the cross sections to be considered
constant within each group we get-
'atT (B ss 3 Jd 13)
Equations (B.8) through (B.13) differ from those publisied
in GA-1850 and solved in GAM-I only by the reversal of the sign
of A. The resulting modifications to CAM- to allow consideration
of non multiplying media are minor changes of the subroutine BONE.
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Appendix C
Computer code SIGMA
A. Description of the code
SIGMA solves the one dimensional heat flow equation
a' [z r(vT) = 4A 2 (V (C.l)
by expanding the second velocity derivative as a product and then
numerically approximating the first and second derivatives.
(1)T) t i 75(V T)+ (vp :7 Z 25(vjT)
v q % V(C.2)
The numerical approximations are derived in Appendix A and are
equivalent to the second central difference for the second deriva-
tive and the average of the first forward and backward differences
for the first velocity derivative. The temperature derivative is
approximated by a first backward difference.
This code solves for the initial conditions which make the
free gas model reproduce the known cross section.
B. Input Description
Card No. Variable Format
1 TITLE(I) (12A6)
2 NPOINT (I5,
NSTART I5,
NSMDP I5,5
AMASS
Description
Problem Title
Number of cross section values to
be read in
Initial number of steps in temper-
ature march
Maximum number of steps in temp-
erature march
Atomic weight of material
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Format Description
TEMP
E
3 to
NPDINT + 2
V2(I),
SIG(I) E
El5.8, Material temperature at which
cross sections were measured
E15.8) Value of the cross section at a
velocity two times the largest
input velocity
(E20.9, Square of the dimension less
velocity
20.9) Cross section
(Notet one velocity-and or cross
section per card).
End of imput data.
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Card No. Variable
Appendix D
Computer Code SOOTHI,
A. Description of the code
SMODTHIE smoothes the cross section data that is to be used
as input for SIG1MA. The data is fit by a polynomial of the form
N a(Dl)
where N varies from I to 4.
The coefficients an are determined by a least squares process to
give the smallest squared error over intervals of nine points cen.-
tered about the point currently under coqsideration. At the ends
of the tabulated data the set of coefficients that is determined
for the fourth point from the end is employed to f it the remaining
data points.
B. Input Description
Card No. Variable
1
i2
3 to
NPOINT + 2
Format Description
TlTIE(I) (12A6) Problem title
XPOINT (I5 anber of data points
NS) 15, Number of times smoothing is to
be repeated
UT I5, If NOW positive output is punched
as well as printed, if zero or
negative printed output only.
V2(I), (2O.9, Square of the dimension less
velocity
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Card No. Variable Format
Cross section
(Note- one velocity and crQss
section per card).
End of input data.
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Description
S3D(I,1 ) S20.09)
Appendix E
Computer Code MERNEL
A. Description of the code
KSRIEL calculates the velocity depenAnt scattering kernel
based upon the modified free gas model. Only the kernel elements
for vt > v are calculated, the remainder may be obtained, if
needed, by use of the principal of detailed balance.
The velocity dependent kernel is transformed to the energy
dependent kernel and the first five moments of the kernel are
calculated.
B. Input Description
Card No. Variable
1
2
TITLE(I)
NPoIT,
TaSS,
TEMP
3 to
NPOINT + 2
SIG(I)
Format Description
(12A6) Problem title
(I5, DAber of poLats in the table of
relative cross section values
Fl5.8, Atogic weight of the material
F15.8) Temperature of the material for
which the kernel is desired,
(320.9, Relative velocity
E20.9 Relative cross section
(Note one relative velocity and
one relative cross section por
card).
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Format Description
MPoINT + 3 Ni|GY,
NPoINT + U NVEL,
NIOM,
NVPUN,
NEPUN,
MPUN
(15, Number of points for which the
kernel is to be calculated
F15.8) Largest energy for which the ker-
nel is to be calculated
(Notet equally spaced energy incre-
ments will be used so that the
NRYth energy is END)
(I5, If zero or negative energy depen..
dent kernel is calculated, if posi-
tive energy dependent kernel is
omitted
I5, If zero or negative moments are
calculated if positive moments are
omitted
I5, If positive velocity dependent ker..
nel is punched on cards if zero or
negative velocity dependent kernel
is only printed.
15, If zero or negative the energy
dependent kernel is pune on
cards, if positive the energy de-
pendent is only printed.
I5) If zero or negative the moments are
punched on cards, if positive the
moments are only printed.
End of input data.
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Card No. Variable
Appendix F
Computer Code IMENT
A. Description of the code
McMENr calculates the moments of the modified free gas
scattering kernel by numerically integrating equation (IV.19).
The trapezoidal rule isused for the numerical integration.
B. Input Description
Card No. Variable
1
2
TITLE(I)
NFOINT
AMASS,
TEMP
3 to
NPOINT +
VR(I),
Format Description
(12A6) Problem title
(I5, Number of points in the table of
relative cross section values
F15.8, Atomic weight of the material
F15.8) Temperature of the material for
which the kernel is desired.
(E20.9, Relative velocity
2
SIG (I)
NFOINT t- 3 NEMiY
END
E20.9
(I,
F15.8)
Relative cross section
(Notet one relative velocity and one
relative cross section per card).
Number of points for which the
kernel is to be calculated
Largest energy for which the kernel
is calculated
(Notes equally spaced energy incre-
ments will be used so that the
110
NPOINT 4- 4 MPUN 15)
NEmYth errgy is END)
If zero or negative the moments are
punched on cards, if positive the
moments are only printed.
Eri of input data.
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